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This paper studies a class of time-delay reaction]diffusion systems modeling the
dynamics of single or interacting populations. In the logistic equation, we prove
that when the magnitude of the instantaneous term is larger than that of the delay
terms, the population growth u has the same asymptotic limit as in the case of no
delay. For the predator]prey model, a condition on the interaction rates is given to
ensure the permanence effect in the ecosystem regardless of the length of delay
intervals. A permanence condition is also obtained in the N-species competition
system with time delays. It is shown that when the natural growth rate
 .a , a , . . . , a is in an unbounded parameter set L, the reaction]diffusion system1 2 N
has a positive global attractor. Finally, long-term behavior of the solutions for
those time-delay systems is numerically demonstrated through finite-difference
approximations and compared with the corresponding systems without delays.
Q 1997 Academic Press
1. INTRODUCTION
The effect of time delays in population dynamics has been the object of
 wintensive analysis by numerous authors see, for example, 2, 4, 5, 10, 11,
x.14, 15, 20]23 . We may think of u as a species grazing upon vegetation,
w  . xwhich takes time t to recover. In this case, a 1 y u t y t rK is the per
capita growth rate of u at time t, where a is the intrinsic growth rate of
the species u and K is the environment capacity of u. This leads to the
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logistic-delay differential equation
u9 t s au t 1 y u t y t rK . 1 .  .  .  .
w xIt is known that time delay has a tendency to produce oscillations 15, 23
 .in Eq. 1 , which is nonoscillatory when t s 0. If the diffusion is taken into
account in growth rate as well, then time delay may cause random and
w x  .blow-up effects 14 in a parabolic equation analogous to 1 . In an
ordinary differential equation system modeling two competing species,
w xtime delays can even lead to chaotic behavior 21 .
When the instantaneous effect is also added in the per capita growth
rate, the following integrodifferential equation of both autonomous and
parabolic types has been studied:
0
u9 t s au t 1 y bu t y u t q t s dh s . 2 .  .  .  .  .  . .H
y1
w xIt is shown 4, 11, 20 that if the magnitude of the delay effect is less than
 .the instantaneous effect, then all positive solutions of 2 go to a unique
positive equilibrium as t ª `, provided that the growth rate a is suffi-
ciently large in the parabolic system.
Our first main result in this paper concerns the following diffusive
logistic equation with instantaneous and discrete delay effects:
k
t iu s D Du q u a y c y a u y b u in 0, ` = V , .t i /
is1
u s 0 on 0, ` = ­ V , .
w xu s, x s h s, x in yt , 0 = V , 3 .  .  .
m . t i .  .where c g C V for some m ) 0. u t, x s u t y t , x with t ) 0,i i
w xi s 1, . . . , k. h is Holder continuous and nonnegative on yt , 0 = VÈ
 4where t s max t . The diffusion rate D, the scaled growth rate a, and thei
interaction rates a and b are positive constants. Without loss of general-i
ity, we assume that the population growth u is scaled such that a q
k b s 1. In Section 3 we will prove that the population growth u hasis1 i
 .the same asymptotic limit as the solution of 3 with each t s 0, wheneveri
k a ) b s  b in other words, the magnitude of the instantaneous termis1 i
.is larger than that of the delay terms .
The second objective of this paper is to establish conditions for perma-
 .nence in a two-species predator]prey model with delays 18 and an
 .N-species competition-delay system 26 , regardless of the time-delay ef-
fects in these systems. A fundamental problem in population biology is to
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determine conditions under which all species in an ecological system
w xsurvive in the long term. The criterion of permanence 3 for N interacting
species in the context of zero Dirichlet conditions requires the existence of
a region
S s u , u = u , u = ??? = u , u1 1 2 2 N N
with u , u , . . . , u ) 0 on V such that all solutions with nontrivial, non-1 2 N
negative initial data are attracted to S. It is known that even the two-species
w xcompetition model may admit multiple coexistence states 6 , and more
complicated dynamics are permitted when N species are present. There-
fore establishing permanence turns out to be more realistic and approach-
able than finding the global or asymptotic stability of one positive equilib-
rium. The permanence and extinction in a class of three- or four-species
 .reaction]diffusion models without delays are discussed and numerically
w xsimulated in several recent papers 3, 7]9, 13, 18, 19 . In Theorem 2 of
Section 4 we show that if both the predator and prey species persist in the
absence of other species, then a simple condition on the interaction rates
 .can ensure the permanence in the predator]prey system 18 , regardless of
the delay effects. The permanence effect in the diffusive competition-delay
 .system 26 is established in Section 5. It is seen in Theorem 3 that there is
 .an unbounded parameter set L such that the condition a , . . . , a g L1 N
 .ensures the existence of a positive global attractor S in 26 . This perma-
w xnence condition is consistent with a previous result 9 for the three-species
competition model without delays. Because this condition involves the
eigenvalues of a class of well-studied elliptic problems, it can be inter-
preted in a natural way in terms of environmental parameters. Section 6 is
devoted to the numerical demonstrations of the asymptotic behavior in
these three reaction]diffusion models with time delays. Our numerical
results through finite-difference approximations also indicate that the
solutions for the time-delay systems have the same asymptotic limits as the
solutions in the corresponding reaction]diffusion systems without delays.
2. PRELIMINARIES
m .  .Denote, for each c g C V with m ) 0, by l c the smallest eigen-
value of the eigenvalue problem:
yDf q cf s lf in V , f s 0 on ­ V . 4 .
 .  .It is known that l s l 0 ) 0 and l c is increasing with respect to c .0
 w x.The following lemma cf. 1, 9 concerns the solutions of the correspond-
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 .ing steady-state problem of 3 ,
Df q f a y c y f s 0 in V , f s 0 on ­ V , 5 .  .
 .and the corresponding parabolic system of 3 without delay,
z s D D z q z a y c y z in 0, ` = V , .  .t
z s 0 on 0, ` = ­ V , .
z 0, x s z x in V . 6 .  .  .0
LEMMA 1.
 .  .  .i If a F l c , then the boundary ¨alue problem 5 has only the
 .  .tri¨ ial solution and the solution z t, x of 6 con¨erges to 0 uniformly on V
as t ª `.
 .  .  .ii If a ) l c , then the boundary-¨ alue problem 5 has a unique
 .solution F a, c which is strictly positi¨ e in V. For e¨ery nonnegati¨ e and
 .  .  .nontri¨ ial z , the solution z t, x of 6 con¨erges to F a, c uniformly on V0
as t ª `.
 . m .iii Assume that c , c g C V for some m ) 0. If c ) c in V1 2 1 2
 .  .  .and a ) l c , then F a, c - F a, c in V.1 1 2
 .  .It is well known that the classical solution u t, x of 3 exists and
 .  .  .remains nonnegative in 0, ` = V. Moreover, u t, x ) 0 in 0, ` = V if
 .  .  .h 0, x ) 0 for all x g V. For simplicity, we denote F x s F a, c . The
 .next lemma gives the ultimate bounds of the solution u for 3 .
 .  .  .LEMMA 2. If a F l c , then the solution u t, x of 3 con¨erges to 0
 .  .  .uniformly on V as t ª `. If a ) l c , then the solution u t, x of 3
satisfies
1
lim sup u t , ? F F ? in C V . 7 .  .  .  .
atª`
Proof. By the nonnegativity of u, we have
u F D Du q u a y c y a u in 0, ` = V . .  .t
Then ¨ s a u satisfies
¨ F D D¨ q ¨ a y c y ¨ in 0, ` = V . .  .t
The lemma now follows the comparison argument for parabolic equations
and Lemma 1.
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3. THE DIFFUSIVE LOGISTIC EQUATION WITH DELAY
 .We first study the asymptotic limit of the solution u t, x for the logistic
 . kequation with discrete delays 3 when a ) b s  b :is1 i
 .THEOREM 1. Assume that a ) b and h 0, x ) 0 for all x g V. If
 .  .  .a ) l c , then the solution u t, x of 3 satisfies
lim u t , ? y F ? s 0. 8 .  .  . .C V
tª`
 .  .Proof. For each t , x g 0, ` = ­ V, the strong maximum principle0 0
w x  .  .16 indicates that ­ u t , x r­n ) 0 and ­ F x r­n ) 0; here n is the0 0 0
inward normal of ­ V at x . Then0
u t , x ­ u t , x ­ F x .  .  .0 0 0 0
lim s ) 0.
F x ­n ­nxgV  .
xªx0
 .Hence the function Z t, x defined by
¡u t , x rF x , if t , x g 0, ` = V , .  .  .  .
~ ­ u t , x ­ F xZ t , x s 9 .  . .  .
, if t , x g 0, ` = ­ V , .  .¢ ­n ­n
 .is continuous and positive on 0, ` = V. We now divide the proof of the
theorem into the following three steps:
1. There exists a constant g ) 0 such that
u t , x .
lim inf inf , x g V s g . 10 . 5F xtª`  .
 .2. The function u t, x satisfies
1 y bg
g F ? F lim inf u t , ? F lim sup u t , ? F F ? in C V . .  .  .  .  . /atª` tª`
11 .
 .3. g s 1. Therefore 8 holds.
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 .Step 1. It is known from Lemma 2 that for any 0 - e - a y b r2a ,
 .  . .  . w .there exists a T ) 0 such that u t, x F 1ra 1 q e F x in T y t , `e e
 .= V. If 10 does not hold, then either of the following situations will
happen:
 .  .a There exists t , x with t ) T and x g V such that0 0 0 e 0
­Z t , x .0 0
Z t , x F e , F 0, =Z t , z s 0, .  .0 0 0 0­ t
DZ t , x G 0. .0 0
 .  .  .b There exists 0 - d - e , T ) T ) T , and t , x g T , T =2 1 e 0 0 1 2
­ V such that
­ u t , x ­ F x u t , x .  .  .0 0 0
d s - F e , t , x g T , T = B , .  .1 2 r­n ­n F x .
  . 4where B s x g V, d x, x - r for some r ) 0.r 0
We next show that both situations lead to contradiction.
 .If a is true, then
0 G F x Z t , x s u t , x .  .  .0 t 0 0 t 0 0
G D D F x Z t , x q u t , x .  .  . .0 0 0 0 0
b
= a y c x y a u t , x y F x y e F x .  .  .  .0 0 0 0 0 /a
s DF x DZ t , x q DZ t , x .  .  .0 0 0 0 0
= DF x q F x a y c y f x .  .  . .0 0 0
q2 D =F x ? =Z t , x q DZ t , x F2 x .  .  .  .0 0 0 0 0 0
b
= 1 y y e y aZ t , x .0 0a
b
2G DZ t , x F x 1 y y e y ae ) 0. .  .0 0 0 a
This gives a contradiction.
 .Now assume that situation b happens. Then the function
w t , x s u t , x y d F x s F x Z t , x y d 12 .  .  .  .  .  .
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satisfies
w t , x s 0 and w t , x - 0 for t , x g T , T = B . .  .  .  .0 0 1 2 r
 .  .Hence for t, x g T , T = B ,1 2 r
­ w t , x .
y D Dw t , x .
­ t
­ u t , x .
s y D Du t , x q dD DF x .  .
­ t
s Du t , x a y c x y a u t , x y b u t y t , x .  .  .  .
y d DF x a y c x y F x . .  .  .
This implies that
­ w t , x .
D Dw t , x q D a y c x y F x w t , x y .  .  .  .
­ t
s Du t , x a u t , x q b u t y t , x y F x .  .  .  .
b
F Du t , x F x aZ t , x q 1 q e y 1 .  .  .  .
a
b
F Du t , x F x q 2e y 1 - 0. .  .
a
w  .  .xSince the function D a y c x y F x is bounded on V, the strong
w xmaximum principle 10 implies that
­ w t , x ­ u t , x ­ F x .  .  .0 0 0 0 0
0 - s y d s 0.
­n ­n ­n
This is a contradiction and the first step is completed.
 .Step 2. It is already seen from 10 that
lim inf u t , ? G g F ? in C V . .  .  .
tª`
For each e ) 0, there exists a T ) 0 such thate
u y D Du F Du t , x a q e y c x y a u t , x y gb F x 13 .  .  .  .  .t
 .  .  .  . w .and u t, x - 1ra F x q 1 for all t, x g T , ` = V. It is known frome
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Lemma 1 that the solution of the parabolic problem
¨ y D D¨ s D¨ a y c x y a ¨ y gb F x in T , ` = V , .  .  .t e
¨ s 0 on T , ` = ­ V , .e
1
¨ T , ? s F x q 1 in V , 14 .  .  .e a
satisfies
1 y bg
lim ¨ t , ? s F ? in C V . .  .  . /atª`
 . .  .  .Here 1 y bg ra F x is the unique positive equilibrium of 14 . By
comparison argument and the fact that e can be arbitrarily small we have
1 y bg
lim sup u t , ? F lim ¨ t , ? s F ? in C V . .  .  .  . /atª`tª`
 .Step 3. From relation 11 , for each e ) 0, there exists a T ) 0 such thate
1 y bg
u y D Du G Du t , x a y e y c x y a u t , x y b F x .  .  .  .t  /a
 .  .  . w .and u t, x G g F x r2 for all t, x g T , ` = V. It is known frome
Lemma 1 that the solution of the parabolic problem
1 y bg
w y D Dw s Dw a y c x y a w y b F x .  .t  /a
in T , ` = V , .e
w s 0 on T , ` = ­ V , .e
g
w T , ? s F x in V , 15 .  .  .e 2
satisfies
a y b q b 2g
lim w t , ? s F ? in C V . .  .  .2 /atª`
Through similar arguments as in Step 2, one can obtain that
a y b q b 2g
lim inf u t , ? G lim w t , ? s F ? in C V . 16 .  .  .  .  .2 /atª` tª`
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 .By the definition of g in 10 , we have
a y b q b 2g 1 y bg
F g F . 17 .2 aa
 .Solving for g from the inequalities in 17 yields
a y b 1
g s a q b g F 1 and g G s s 1. . 2 2 a q ba y b
 .  .Therefore g s 1 and 10 implies 8 .
4. TIME-DELAY PREDATOR]PREY MODEL
 .  .In this section we assume that u t, x and ¨ t, x are the scaled densities
of the predator and prey species in a bounded habitat V in Rn with
boundary ­ V. Taking into account the possible delayed interference within
the species and the diffusive effect of each species, the following parabolic
boundary-value problem with time delays may model their interaction:
u y D Du s D u a y u q b¨ t1 , .t 1 1 1
¨ y D D¨ s D ¨ a y ¨ y cut 2 in 0, ` = V , . .t 2 2 2
u s ¨ s 0 on 0, ` = ­ V , .
w xu s, x s h s, x , ¨ s, x s j s, x in yt , 0 = V . 18 .  .  .  .  .
t 2 .  . t1 .  .Here we denote u t, x s u t y t , x and ¨ t, x s u t y t , x for2 1
t ,t ) 0. The initial density functions h and j are assumed to be HolderÈ1 2
w x  4continuous and nonnegative on yt , 0 = V, where t s max t , t , with1 2
 .  .h 0, x , j 0, x ) 0 in V. The diffusion coefficients D and the growthi
 .rates a i s 1, 2 are assumed to be positive constants, with a F a , asi 1 2
seen in many real-life predator]prey models. The interaction coefficients
b and c are all nonnegative constants.
It is obvious that for a F l , the prey species ¨ will become extinct.2 0
Therefore a ) l is a necessary condition for the persistence of ¨ . We2 0
 .  .denote positive functions F s F a , 0 or F s F a , 0 when a ) l or1 1 2 2 1 0
a ) l , respectively.2 0
Now we are going to show that when a ) l the prey species ¨2 0
.  . persists in the absence of the predator u and d s c 1 q b - 1 the
.predation interactions are not too intensive , the ¨ species will persist in
 .  .the time-delay predator]prey system 18 . Let u, ¨ be the nonnegative
 .solution of 18 . Then
¨ y D D¨ F D ¨ a y ¨ in 0, ` = V . .  .t 2 2 2
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Since a ) l , by Lemma 1 and the comparison argument we first have2 0
lim sup ¨ t , ? F F ? in C V . 19 .  .  .  .2
tª`
Hence for each e ) 0, there exists a T ) 0 such thate
u y D Du F D u a q b q e F y u . .t 1 1 1 2
F D u a q b q e F y u in T , ` = V . 20 .  .  ..1 2 2 e
w .Therefore from the comparison argument we have u F U in T , ` = V,e
where U satisfies
U y D DU s D U a q b q e F y U in T , ` = V , .  ..t 1 1 2 2 e
w xB U s 0 on T , ` = ­ V , .e
U T , x s u T , x on V . 21 .  .  .e e
 .  .  .Since the system 21 has a positive steady-state solution 1 q b q e F x ,2
then Lemma 1 implies that
lim sup u t , ? F lim U t , ? s 1 q b q e F ? in C V . .  .  .  .  .2
tª`tª`
From the fact that e can be arbitrarily small, we have
lim sup u t , ? F 1 q b F ? in C V . 22 .  .  .  .  .2
tª`
 .From 22 , we know that for every 0 - e - 1 y d , there exists a T ) 0e
such that
¨ y D D¨ G D ¨ a y ¨ y c 1 q b q e F . .t 2 2 2 2
s D ¨ a y ¨ y d q e F in T , ` = V . .  .2 2 2 e
 .  .Since 1 y d y e F x is a positive solution of the boundary-value prob-2
lem
w xyD¨ s ¨ a y ¨ y d q e F in V , B ¨ s 0 on ­ V , .2 2
23 .
then it is known from the comparison argument and Lemma 1 that
lim inf ¨ t , ? G 1 y d y e F ? in C V . .  .  .  .2
tª`
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Noting that e is arbitrary, we then have
lim inf ¨ t , ? G 1 y d F ? in C V . 24 .  .  .  .  .2
tª`
 .This implies the persistence of the prey species u in 18 .
Because of the nonnegativity of ¨ , the density function u satisfies
u y D Du G D u a y u in 0, ` = V . .  .t 1 1 1
It is known from Lemma 1 that when a ) l ,1 0
lim inf u t , ? G F ? in C V . .  .  .1
tª`
We are now ready to state our result on the permanence effect in the
 .time-delay predator]prey system 18 , regardless of the time-delay effects.
 .THEOREM 2. If a G a ) l and d s c 1 q b - 1, then the density2 1 0
 .  .function u, ¨ in 18 satisfies
lim sup u t , ? , ¨ t , ? F 1 q b F ? , F ? , .  .  .  .  . .  .2 2
tª`
lim sup u t , ? , ¨ t , ? G F ? , 1 y d F ? in C V . 25 .  .  .  .  .  .  . .  .1 2
tª`
5. THE N-SPECIES COMPETITION-DELAY MODEL
 .Assume that u t, x is the scaled population of one species competingi
 .with N y 1 other species for a shared limited resource}space or nutri-
ent, for example}in a bounded habitat V in Rn with smooth boundary
­ V. If we consider the possible delayed interference within the species as
well as the diffusive effect of each species, then the following parabolic
system with time delays may model the Volterra]Lokta interactions of
those N species:
N
t i ju s D Du q u a y u y k u in 0, ` = V , .  .i i i i i i i j jt  /j! i
u s 0 on 0, ` = ­ V , .i
w xu s, x s h s, x in yt , 0 = V , i s 1, . . . , N , 26 .  .  .i i
where u , u , . . . , u represent the scaled densities of the N competitive1 2 N
t i j .  .  4species u t, x s u t y t , x with t ) 0 and t s max t . The initialj j i j i j i j
density functions h are assumed to be Holder continuous and nonnegativeÈi
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w xon yt , 0 = V. The diffusion coefficients D and the growth rates a arei i
positive constants. The interaction coefficients k are all nonnegative.i j
 .We first discuss the ultimate bound of the solution u , . . . , u for the1 N
 .N-species diffusive competition-delay system 26 . A pair of smooth func-
Ä Ã .  .tions U s u , u , . . . , u and U s u , u , . . . , u are called coupledÄ Ä Ä Ã Ã Ã1 2 N 1 2 N
Ä Ã . w .upper and lower solutions of 4 if U G U on yt , ` = V and the
following inequalities are satisfied for i s 1, 2, . . . , N:
N
t i ju G D Du y u a y u y k u , .Ä Ä Ä Ä Ãi i i i i i i j jt  /j/i
N
t i ju F D Du q u a y u y k u in 0, ` = V , . .Ã Ã Ã Ã Äi i i i i i i j jt  /j/i
B u G 0 G B u on 0, ` = ­ V , .Ä Ãi i i i
w xu s, x G h s, x G u s, x in yt , 0 = V . 27 .  .  .  .Ä Ãi i i
w xIt is known from 16 that if there exist coupled upper and lower solutions
Ä Ã .  . w .  .U s u , u , . . . , u and U s u , u , . . . , u on yt , ` = V, then 26Ä Ä Ä Ã Ã Ã1 2 N 1 2 N
 . w .has a unique solution u , u , . . . , u with u F u F u on yt , ` = V.Ã Ä1 2 N i i i
Let w be the solution of the parabolic problemi
w s D Dw q w a y w in 0, ` = V , .  .  .i i i i i it
w s 0 on 0, ` = ­ V , .i
w t , x s max h s, x in yt , 0 = V . 28 .  .  .  .i i
w xyt , 0
 .  .Then w , w , . . . , w and 0, 0, . . . , 0 are coupled upper and lower solu-1 2 N
 .  .  .tions of 26 . Therefore the nonnegative solution u , u , . . . , u for 261 2 N
w .exists and is uniformly bounded on yt , ` = V. If a F l for somei 0
 .  .1 F i F N, then lim u t, ? s lim w t, ? s 0. If a ) l for somet ª` i t ª` i i 0
 .  .1 F i F N, then lim sup u t, ? F F ? uniformly on V, where F st ª` i i i
 .F a , 0 .i
When a ) l for all 1 F i F N, define the parameter seti 0
N
<L s a , a , . . . , a a ) l k F . 29 .  .1 2 N i i j j 5 /j/i
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 .If a , a , . . . , a g L, then it is known from Lemma 1 that the boundary1 2 N
value problem
N
Du q u a y u y k F s 0 in V ,i i i i i j j /j/i
u s 0 on ­ V , 30 .i
has a unique positive solution uU with uU - F in V, for each 1 F i F N.i i i
Let
U0. 0.u s F , u s u , 1 F i F N. 31 .i i i i
The following iteration scheme will generate monotone sequences which
enclose the region of the positive global attractor: For each k s 1, 2, . . . ,
k . k . k . k . k k . .  .we solve for the positive solutions u , u , . . . , u and u , u , . . . , u1 2 N 1 2 N
from the boundary-value problems
N
k . k . k . ky1.Du q u a y u y k u s 0,i i i i i j j
j/i
N
k . k . k . k .Du q u a y u y k u s 0 in V ,i i i i i j j
j/i
k . k .u s u s 0 on ­ V , 1 F i F N. 32 .i i
 .Noting that for a , a , . . . , a g L,1 2 N
N N
0. 0.a ) l k u ) l k u , i i j j i j j /  /j/i j/i
1. 1. .it is seen from Lemma 1 that positive solutions u , . . . , u and1 N
 1. 1..  .u , . . . , u can be solved from 32 with the following relation holding:1 N
0. 1. 1. 0.u G u G u G u ) 0, 1 F i F N.i i i i
w xAn induction argument as in 9 will show that for each integer k,
ky1. k . k . ky1.u G u G u G u ) 0, 1 F i F N. 33 .i i i i
The main result on the permanence effect in the diffusive competition-
 .delay system 26 is stated in the following theorem:
 .  .THEOREM 3. If a , a , . . . , a g L, then the N-species system 26 has1 2 N
a positi¨ e global attractor gi¨ en by
N
S s u , u , 34 . i i
is1
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 .  .where u , u , . . . , u and u , u , . . . , u are limit functions of the mono-1 2 N 1 2 N
k . k . k . k . k k . .4  .4tone sequences u , u , . . . , u and u , u , . . . , u , respecti¨ ely.1 2 N 1 2 1
Proof. It is already known that
lim sup u t , ? F F ? in C V . 35 .  .  .  .i i
tª`
For each e with
N
0 - e - min a y l k F ,i i j j 5 /1FiFN j/i
there exists a T ) 0 such thate
N
u y D Du G D u t , x a y e y u t , x y k F .  .  . i i i i i i i i j jt
j/i
 .in T , ` = V for 1 F i F N. From Lemma 1, the comparison argument,e
and the arbitrariness of e , we have
Ulim inf u t , ? G u in C V . 36 .  .  .i i
tª`
 .  .It follows from 35 and 36 that
0. 0.u G lim sup u t , ? G lim inf u t , ? G u in C V , 37 .  .  .  .i i i i
tª`tª`
0. 0.for 1 F i F N, where u and u are the initial iterations of the mono-i i
k . k .  .tone sequences u and u given in 32 . Assume by induction thati i
ky1. ky1.u G lim sup u t , ? G lim sup u t , ? G u in C V . .  .  .i i i i
tª` tª`
For each e ) 0, there exists a T ) 0 such thate
N
ky1.D u t , x a y e y u t , x y k u .  . i i i i i j j /j/i
F u y D Du .i i it
N
ky1.F D u t , x a q e y u t , x y k u .  . i i i i i j j /j/i
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 .in T , ` = V. From Lemma 1 and the fact that e is arbitrary, we havee
k . k .u G lim sup u t , ? G lim inf u t , ? G u in C V . 38 .  .  .  .i i i i
tª`tª`
 .Therefore 38 holds for any integer k. Letting k ª ` gives
u G lim sup u t , ? G lim inf u t , ? G u in C V . 39 .  .  .  .i i i i
tª`tª`
 .  .This concludes that when a , a , . . . , a g L, S in 34 is a positive1 2 N
 .global attractor for system 26 .
Remark 1. A sufficient condition can be given to ensure the nonempti-
 .  .ness of the parameter set L in 29 . Since F x F a , i s 1, . . . , N, for alli i
x g V, then
N N N
l k F F l k a s l q k a .  i j j i j j 0 i j j /  /j/i j/i j/i
Therefore L is nonempty and unbounded whenever
N
k - 1, i s 1, . . . , N. i j
j/i
 .For N s 3, the corresponding reaction]diffusion system of 26 without
delays,
3
u s D Du q u a y u y k u in 0, ` = V , .  .i i i i i i i j jt  /j/i
w xB u s 0 on 0, ` = ­ V , .i i
u 0, x s h 0, x in V , i s 1, 2, 3, 40 .  .  .i i
w x  .  .was studied in 9 . It has been shown that when a , a , a g L, S in 341 2 3
 .  .is also a positive global attractor for 40 . Therefore the time delays in 26
are harmless for the permanence effect.
6. SOME NUMERICAL RESULTS
In this section we give some numerical results for the asymptotic
 .  .  .behavior in the time-delay systems 3 , 18 , and 26 on a one-dimensional
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 .spatial domain V s 0, 1 . The behavior of the solutions for the time-delay
systems is also compared with the solutions of the corresponding
reaction]diffusion systems without delays. By discretizing the reaction]dif-
fusion systems into finite-difference systems, numerical solutions are ob-
w xtained by the monotone iteration method 12, 17 .
 .I The Logistic Equation
 . NAccording to Theorem 1, when a ) l c and a ) b s  b , theis1 i
 .  .solutions of both 3 and 6 converge to the same positive equilibrium F.
 .The principal eigenvalue of the Laplacian operator on V s 0, 1 under
zero Dirichlet boundary conditions is l s p 2. We choose c ' 0, t s 0.5,0 1
t s 1.0, D s 1.5, a s 13.0, a s 0.51, b s 0.19, and b s 0.30. The2 1 2
 .  .  2 .  .initial functions are taken to be h t, x s 0.5 sin p x r 1 q t and z x0
 .  .  .s 0.5 sin p x . Hence h t, x and z x are positive, satisfy the homoge-0
 .neous Dirichlet boundary conditions at x s 0, 1, and the relation h 0, x
 .  .  .s z x on V. Our numerical solutions for 3 and 6 are demonstrated in0
Figure 1a and Figure 1b, respectively.
 .II The Predator]Prey Model
 .According to Theorem 2, the time-delay predator]prey system 18 is
 .permanent if a G a ) l and c 1 q b - 1. For this reason, we choose2 1 0
a s 13.0, a s 11.0, D s 1.0, D s 1.2, c s 0.618, b s 0.618, t s 0.5,2 1 1 2 1
 .  .  .t s 1.0. The initial functions are taken to be h t, x s t q 1 sin p x and2
 .  .j t, x s sin p x . Both initial functions are positive and satisfy the homo-
geneous Dirichlet boundary conditions at x s 0 and x s 1. We also
 .compare the numerical results of system 18 with the predator]prey
FIG. 1. The logistic equation.
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system obtained by letting t s t s 0:1 2
w xu y D Du s D u a y u q b¨ ,t 1 1 1
w x¨ y D D¨ s D ¨ a y cu y ¨ in 0, ` = V , .t 2 2 2
u s ¨ s 0 on 0, ` = ­ V , .
u 0, x s h 0, x , ¨ 0, x s j 0, x in V . 41 .  .  .  .  .
Our numerical simulations demonstrated in Figure 2 indicate that the
 .  .  .  .solutions for both 18 given in a and b and 41 given in c and d
converge to the same coexistence state as t ª `.
 .III The Three-Species Competition
According to Theorem 2 and Remark 1, all three of the competitive
 .species u , u , u will persist if1 2 3
3
a ) l q a q b a , i s 1, 2, 3. .i 0 i j i j j
j/i
FIG. 2. The predator]prey model.
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FIG. 3. Three-species competition with delay.
FIG. 4. Three-species competition without delay.
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For this reason we take the natural growth rates as a s 27.0, a s 25.0,1 2
a s 32.0, and the interaction coefficients as k s 0.3, k s 0.2, k s3 12 13 21
0.25, k s 0.2, k s 0.15, k s 0.3. For t s 1.0, the initial functionsi j23 31 32
 .  .  .  .  . are chosen to be h t, x s 3 t q 1.5 sin p x , h t, x s 3 sin p x r 2 y1 2
2 .  .  2 .  .t , and h t, x s 5 t q 1 sin p x . We also fix the diffusion coefficients3
 .as D s 1.5, D s 1.0, and D s 2.0. Our numerical solutions for 26 and1 2 3
 .40 demonstrated in Figures 3 and 4 clearly show that both systems have
the same asymptotic limit.
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